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A full configuration interaction treatment has been carried out for the four electrons of the double 
bond of ethylene using a minimal STO basis set. The excent to which a-Tr separability provides a 
good approximation for the eigenfunctions of the low-lying states and for transitions between them has 
been examined. Alternative formulations using various more localised orbitals as the basis are derived 
for a number of the states. These have been examined and discussed. 

Eine vollst~indige Konfigurationswechselwirkung wurde fiir die vier Elektronen der Doppel- 
bindung von A.thylen durchgeffihrt, wobei eine minimale STO-Basis benutzt wurde. Das Mal3, in 
dem die a -  n-Separierbarkeit eine gute Ngherung fiir Eigenfunktionen der niedrigliegenden Zust~inde 
und ffir (Jberg~inge zwischen ihnen darstellt, wurde untersucht. Alternativformulierungen, die verschie- 
dene, lokalisierte Orbitale als Basis benutzen, werden fiir eine Anzahl yon Zustgnden angegeben und 
diskutiert. 

Interaction de configuration compl6te pour les quatre 61ectrons de la double liaison de l'6thyl~ne 
darts une base STO mirtimale. La s~parabilit6 a - nest examinee pour les plus bas &ats et les transitions 
entre ces 6tats.D'autres formulations utilisant des orbitales plus localis6es sont obtenues pour certains 
6tats. Ces formulations sont discut6es. 

Introduction 

The object  of this inves t iga t ion  was in par t  to examine,  by car ry ing  out  a 
conf igura t ion  in te rac t ion  calcula t ion,  whether  it was a good  a p p r o x i m a t i o n  to 
t rea t  the wave funct ions for the var ious  states of the doub le  b o n d  in ethylene as a 
p roduc t  of a a - func t ion  and a n-function.  The greatest  interest  lay in the funct ions 
for the lower states. Cons ide ra t i on  was given to the extent  to which the more  
low-lying exci ta t ions  can be rega rded  as involv ing  a change in the n-funct ion 
only, the a - func t ion  r ema in ing  unchanged.  An examina t ion  was also made  of 
a l ternat ive  ways of represen t ing  the wave funct ion of the g round  state. This 
p rob l em of a -  n separab i l i ty  has been s tudied  by Lykos  and Pa r r  [-1], by L6wdin  
[2], by Nesbe t  [3] and  by  Ruedenbe rg  1-4] a m o n g  others.  A conf igura t ion  inter-  
ac t ion  t r ea tment  of ethylene,  very s imilar  to the present  one, was carr ied out  by 
Mose r  [5]. O u r  results  differ s l ightly f rom his and  the analysis  of the results  
has been extended.  

Calculation and Results 

A full conf igura t ion  in te rac t ion  t r ea tment  of the ethylene molecule  was carr ied  
out  using a min ima l  Slater  type  orb i ta l  basis set for the four e lectrons of the 
c a r b o n - c a r b o n  bond.  The  orb i ta l  exponen t  ~ was taken  to be 1.625 and  the 
c a r b o n - c a r b o n  in te rnuc lea r  dis tance was set at  1.335 ~ .  
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Table 1. Definition o f  spatial & spin funct ions 

C.W-- 1.335 A - - ~ C .  

a b 

a,, ab: sp 2 hybridized Slater type orbitals centered at a&b with 
positive regions between a&b. 

~za, nb : P orbitals perpendicular  to sp 2 plane. 
a = (or + ab)/(2 + 2(a~lab))l/2; a* = (or - o-b)/(2 - 2(a~l~b)) x/2 

= ( ~  + ~b)/(2 + 2 ( %  1~b})1/2; ~z* = (~z. -- ~b)/(2 - 2@~ I~b}) '/2 

5 = ("b + ~ ) / V 2 ;  Mb = (o~ - ~ ) / V ~  
Xa = (~a + ~ ) / ~ ;  w. = ( ~ . -  %)/V2 
Xb = (ab + =.)/V2; wb = (ab - ~.)/1/2 
So = ~/~/~ 
S 1 = (cq3 - ric O (~fl - ricO/2 
s~ = [(~/~ + ~) (~/~ +. ~ ) -  2(~/~ + ~/~)]/21/5 
s~ = ~/~(~/~-/~)/lfr2_ 
s4 = ~/~(~/~ +/~)/V 2 
s~ = ( ~ -  ~) (~ +/~)/2 

The one electron integrals were evaluated in the Goeppert Mayer-Sklar [6] 
approximation. The two electron, one centre integrals were evaluated from 
formulae given by Roothaan [7] and the two centre integrals were taken from 
Kopineck's tables [8]. 

Four transformations among the one electron orbitals were used to present 
the results of the configuration interaction. These are defined in Table 1 and 
numerical results for the four lowest 1A10 states, the 3Blu and the aB1, states are 
presented in Tables 2a, b, c. 

Two variations of the NPSO model [9] were investigated in order to find a 
single determinant function which, when projected according to spatial and spin 
symmetry requirements, would represent the C. I. function for the ground state 
of the ethylene molecule. 

Two sets of one electron orbitals were formed by mixing pair-wise and cyclicly 
the ordered sets of atomic orbitals [a, abrcbx j = NPSO and [O'a(TbTr, aT~b'] = XNPSO. 

The spin function was given the form sin(0 $1 + cos(0 $2 (see Table 1) and 
was varied from 0 to ~ in units of re/16. For each value ore the set of mixing para- 
meters which gave maximum value of the overlap integral (NPSO [C. I.} or 
(XNPSOIC. I.} was determined. Comparison of configurations contained in the 
C. I. function showed that there were large discrepancies in coefficients for values 
of overlap up to 0.99. In both cases the fit corresponded to a value of e = ~/2, 
corresponding to pure S~. 

Table 3 gives the explicit form of the best approximation functions and 
comparison with the C. I. function. 

Discuss ion  

cr - rc S e p a r a b i l i t y  

The most important term in the C. I. function for the ground state is aa~zzc, 
but aa*rcrc*  also makes a considerable contribution (see Table 2a). The overlap 
integral of a combination of these two terms with the C. I. function would be 
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about 0.99. Together they may be represented alternatively by 

a a  [-cl(rCar~b + rcb~) + c2(rcorc~ + rcbrcb)3 (1) 

In this form the a-molecular orbitals are used and the re-part is separated into 
covalent and ionic terms. The covalent terms have greater weight than the ionic 
ones (c 2 .-~ 0.41 ca). If the a-function were separated in a similar way the ionic 
terms would have about 61% of the weight of the covalent terms. 

For the next ~Ato state, the simplest reasonable approximation is again that 
the function can be represented by a combination of covalent and ionic terms: 

a a  [ci  (~.~b + ~brc.) - c ~ ( ~ .  + ~brcb)] (2) 

But, in this case the ~z-ionic terms have greater weight and c[ --~ 0.74 c~. The overlap 
integral with the C.I. function would be about 0.95. For this state the terms 
involving arca*~* are of some importance: and their size limits the a - r e  sepa- 
rability of the whole function. 

The lowest triplet state is the 3B~u state. The overlap of the single aa~zrc* term 
with the C. I. function is greater than 0.99. 

The next state is the lowest member of class ~B~,. The overlap of the aarcTr* term 
with the C. I. function is 0.98. So, to that degree, the excitation from the ground 
state can be regarded as simply a change in the re-part of the function without 
any change in the a-function. However, the term rcrcaa* contributes 3% and 
rc*~*aa* 1 Too to (7t2). Any increase in accuracy above using aazcrc* on its own 
would therefore require a sacrifice of ~ - ~r separability. 

The next state energetically is the second member of the 3B~, class. The 
overlap of the rcrcao-* term with the C.I. function would be 0.985. Compared 
with the ground state it involves a change in both the a and re-parts of the function. 
The lowest 3B2o state involves very considerable a - ~ z  mixing. 

To summarise: For the ground state and the lowest 3B~, state it is correct, 
to the extent of achieving an overlap with the C. I. function greater than 0.99, to 
treat the functions as separable and the excitation as involving a change in the 
re-part only. For  the next state (~B~,) the accuracy of this description is reduced a 
little. The function :for the next state (second 3B1, ) is separable into a product 
of a a-part and a ~z-part (achieving an overlap with the C. I. function of 0.985). 
However, excitation from any of the lower states requires a change of both the 
a- and zc-parts of the function. For the second 1Ato state, the function is separable 
to about the same accuracy and excitation from the ground state, or from the 
lowest ~B~, and 3Ba, states, can be treated quite accurately as purely zc-excitations. 

The functions for the states of the 3B2o , ~B2g , 3B3~ , 1B3, and 3A10 do not 
show good a - rc separability but all those of the 3Ba, class do. Separability for 
the intermediate states of class iA~o is poor. 

Alternative Representations 
In Table 2 the results for four alternative representations are listed for the 

lower states of the 1Aao class and the states of the 1B~, and 3B1, , classes. The 
representations are based on (i) M. O. s; (ii) V.B. type functions using o--and 
re-type orbitals; (iii) V. B. functions using four localised hybrids of the type (% + rca); 
18" 
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(iv) V. B. functions using hybrids of the type (a, + nb). Only low-lying states will 
be discussed. 

1Alo States. The M.O.  function of the ground state has been examined 
already. The a-part is represented quite well by aa alone, but the n-part requires 
nn and n 'n*.  The first V. B. form shows the high importance of the terms involving 
four separate orbitals, and in particular of those for which electrons of opposite 
spin occupy the two a-orbitals and two of opposite spin occupy the two n-orbitals. 
The combination which associates the two orbitals on the same atom with the 
same spin function is fractionally more important. This appears surprising but 
probably happens because this is the means by which this particular type of 
function includes electron correlation on the same atom. The terms which assign 
the electrons entirely in pairs, either in both a, or both n-orbitals or on the same 
atom, are unimportant. The terms in the first three columns are of intermediate 
importance as would be expected. The a~nan b type of term is the most important 
of these. 

The four equivalent orbitals used in representation (iii) are localised as shown 
in Fig. 1. To a considerable extent these orbitals divide the space between the 
carbon atoms into four separate regions and may be considered in this way. 
In Table 2 a diagramatic representation of the orbital occupation for the various 
configurations is included along with the algebraic form. This representation can 
also be discussed in terms of two Baeyer-type bonds (banana or bent bonds) 
rather than pure a or n-type bonds. Since these orbitals are more localised from 
one another they provide a better means of describing the spatial distribution 
because cross terms (overlap terms) in 7 j2 are less important. Again the double 
Heitler-London type terms (last column but one) are the most important. The 
sign of the term in the last column shows that the members which assign electrons 
of the same spin to the same atom are favoured relative to those which assign 
electrons of opposite spin. This feature has already been discussed. The terms 

~ j /  t -  " " ~  

,,." / ~ - - ~ , \  / / 

"- / / 

I ,," ~ i ~ ' - ~ " ,  " - - ~  i 
I ., ; ~ ' . . "  / , f i 

\ ' ", J ," ,: t ' j l  
\ \  

%, 

Fig. 1. Density contour plots for Baeyer-type V. B. functions. ( 
(-- - -  --) (~ + ,~)/~ 

) (a~ + ~o)~, (-- - - ) (~o -~~ 
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in the first two columns are of considerable importance. They are ionic terms and 
assign two electrons to each Baeyer-type bond. The first places zero formal 
charge on each atom; the second contains covalent terms for one bond and ionic 
for the other. The terms which assign all four electrons to the same atom are of 
negligeable importance. The terms which assign three electrons to one Baeyer- 
bond and one to the other have negative coefficients (i. e. they produce a reduction 
in the probability of such dispositions). This means that the electron pairs are 
even more strongly localised separately in the two Baeyer-bond regions than 
would be given by using the main terms alone. Likewise the terms which plane 
four electrons in one bond region (fifth column) have a negative coefficient. 

The four equivalent orbitals of type (iv) (a a + ~b) are not localised in separate 
regions of space in contrast to the (aa + ~)  type orbitals. Each orbital has two 
regions of high density, one between the atoms and the other in one quadrant 
similar to type (iii). They are less successful than those of the type (a~ + ~,) as is 
shown by the fact that there are only two small coefficients for the ground state 
function whereas with the more localised functions there are four. 

The M. O. formulation of the second 1Alo state has already been discussed. 
In the a -  g V. B. form the terms that were very small for the ground state are 
still small. All the other terms have fairly large coefficients. The change in sign 
between the ~-ionic and ~-covalent terms can be seen; there is no change in sign 
between the a-ionic and a-covalent terms (cf. M. O. form). Compared with the 
ground state, the terms which assign all four electrons to separate orbitals have 
decreased in importance relative to the terms in the first three columns. The 
increased energy is therefore partly due to an increase in the one-electron terms in 
the energy, and partly to an increase in the mean inter-electron repulsion energy. 

Using the four equivalent orbitals of type (iii), the largest terms are still those 
which assign the four electrons to four separate orbitals as might have been 
expected because it is fairly low-lying. However, the most important terms of 
this type are those which assign the same spin functions to the two component 
orbitals of the same Baeyer-bond. The terms which assign electrons of the same 
spin to the same atom are next in importance. The third pair of members of this 
set which assign electrons of opposite spin both to the two bonds and to the two 
atoms have much smaller coefficients. So the largest terms correspond to both 
bonds behaving as triplets, though the resultant state is a singlet. The other im- 
portant terms are those in the third and the fifth columns. Both were unimportant 
in the ground state function. 

3BI, States. The M. O. formulation of the lowest 3B~,, state shows that it 
is described quite accurately by the single term aa~g* though the term ~ a *  
has a coefficient which is about one tenth that of the leading term. The other 
coefficients are very small. 

The spin functions, $4 and $5, which appear in the a -  g V. B. formulation 
are arranged so that the first pair of spatial orbitals combine as a singlet and 
the second pair as a triplet. For the lowest 3B~, state the first two terms have 
large coefficients which shows that the a-part of the function is primarily singlet 
and bonding while the ~-part is primarily triplet in character. The magnitude of 
the coefficient in the last column shows that the inverse situation makes some 
contribution. 
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In the formulation (iii) the main terms are those which assign the four electrons 
to the four different orbitals which is consistent with the fact that it is the only 
other state besides the ground state which has an energy below - 160 eV. However, 
the pair of orbitals forming one Baeyer-bond is associated with a singlet spin 
function while the pair forming the other has triplet character. The other three 
terms which assign one electron pair to a single orbital have coefficients which 
are about a third or a half of the largest coefficient so they do have considerable 
importance. It is interesting that all electron distributions of this kind have the 
same weight; there is no indication of particular bonding arrangements in the 
region between the atoms being favoured. 

The second 3Bau state is quite well represented by nno-o.* though the coefficients 
of the n* n* o.o.* terms are not negligeable. The reversal of sign shows that covalent 
n-terms are favoured. This can be seen from the o. - n V. B. results. The coefficient 
of the nanbo.,o, b terms for which the n-orbitals combine as a singlet while the 
o.-orbitals combine as a triplet is the largest, though the corresponding n-ionic 
terms (nan, o.~o.b) are fairly important. The terms which involve the o.-orbital 
combination being singlet and the n triplet are of very low importance indeed. 

In the Baeyer-V. B. form the most important term is the one assigning one 
electron to each region though the pair of orbitals associated with one bond are 
combined to form a singlet and those with the other a triplet. The two terms which 
involve a combination of a three-electron Baeyer-bond with a one-electron one 
have considerable coefficients but there is a change of sign from the first two 
terms. For  the ground state all the coefficients had the same sign. 

As for the ~A~9 states representation (iv) does not provide a useful way of 
analysing the molecular wave functions. 

~B1, States. For the lowest state of symmetry class ~B~u, o.o.nn* is the most 
important term in the M. O. formulation. The nno.o.* and n*n*o.o.*, though much 
less important, are hardly negligeable. In the o. - n V. B. form, one pair of terms is 
clearly negligeable and another pair which assign all four electrons to the same 
atom is of low importance. The other two pairs of terms have equal weight but 
the coefficients have opposite signs. The first pair are ionic in the o.-orbitals and 
also in the n-orbitals though the electron pairs are on different atoms so that 
the formal charge on each atom is zero. The other functions are ionic in the 
n-orbitals but covalent in the o.-orbitals. So the n-terms are ionic only, while the 
o.-bond contains ionic and covalent terms. However, those o.-ionic terms which 
would place all four electrons on the same atom are relatively unimportant. 
There is therefore a limitation on the ionic terms. 

In the Baeyer-V. B. formulation which uses four equivalent orbitals all the 
terms which assign two electrons to one region and the other two to two of the 
other regions are important, and about equally so. The configuration which 
assigns the electrons as two pairs on the same atom is less important. The spatial 
distribution is not therefore readily considered in terms of bonds but more 
satisfactorily by examining the way in which the whole space between the carbon 
atoms is occupied. The occupation of the four equivalent orbitals by four electrons 
is not allowed for singlet states of this symmetry so their energies are higher 
than those of the corresponding triplet states for which it is allowed (Hund's 
Rule). 
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Summary 

The general conclusion from the examination of the various representations 
is that the M. O. formulation provides overall the most effective basis for describing 
the various low-lying states in as simple a manner as possible. Some states are 
represented satisfactorily by one configuration only; some require two. In some 
cases the a -  ~ V. B. formulation is useful as for instance in discussing the ~B~. 
state. The formulation based on four equivalent hybrids is very useful for examining 
the mutual distribution of the four electrons as a set though it does not provide 
as simple a representation of the various states as does the M.O. The different 
representations therefore clarify different aspects of the distribution. The M. O. 
formulation has advantages for considering the one-electron energy while the 
formulation using four separated equivalent orbitals may be useful for making 
an approximate estimate of inter-electron effects. 

NPSOFunctions for the Ground State 

Both the NPSO functions that have been tested provide a good approximation 
to the C. I. function for the ground state as is shown by the comparison of the 
coefficients made in Table 3. With the exception of the last column the XNPSO 
function is better than the NPSO function. It is not easy to analyse either of 
these functions because of the considerable overlap of the various NPSO orbitals. 
However, the four basis orbitals clearly achieve a very satisfactory balance 
between separation and overlap. The four equivalent orbitals of type (iii) are 
apparently too localised to provide a simple representation of the C. L function 
when a single electron is placed in each orbital, which would be equivalent to 
the NPSO functions under discussion here. 
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